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Abstract
In this article we discuss a star generated by some matter fluid, whose stress-energy
tensor is known. We investigate both the maximally symmetric framework, where all the
pressures are equal, and the dark energy framework, with P = −ρ. We show that the first
one is not able to produce a black hole, while second one actually is. Finally, within this
second framework, we present an example of regular black hole, showing it satisfies the NEC
and the WEC.
1 Introduction
A typical subject in black hole literature is the search for regular black holes (RBH). As is
well known, the first and most paradigmatic solution of the Einstein Equations (EE), the
Schwarzschild solution [1], is singular at the origin. Other important solution, such as that
of Reissner-Nordström (RN) [2] [3], are also singular. However singularities are thought to be
absent in nature, so that their presence indicates a breakout or an incompleteness of the theory.
The existence of black holes has been recently confirmed by the detection of gravitational
waves by the LIGO-VIRGO collaboration [4], meaning that the search for RBH has become
more interesting. A first attempt to regularize the RN metric was done by Duan in 1954 [5],
while the first example of RBH was proposed by Bardeen during the GR5 conference fourteen
years later [6] and since then many other examples have been provided. A non-exhaustive list of
works on RBH includes [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17], [18], [19], [20], [21],
[22], [23], [24], [25], [26], [27], [28], [29], [30], [31], [32], [33], [34], [35]. For a review, see [36].
Each of these has an asymptotic Schwarzschild behaviour, either when the observer is far from
the source, or when the deformation parameters are set to 0, while at the centre they present
a de Sitter. This is a necessary condition to regularize the metric, known as Sakharov criterion
[37]: namely the stress energy tensor reads Tµν ≃ Λ0gµν near the origin (as an example, see the
behaviour of Hayward solution [7] as function of its single parameter l).
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Among the various approaches to the problem, the most popular two involve either a modifi-
cation of the stress-energy tensor, including some kind of exotic matter, or a modification of the
Einstein tensor. It is worth to mention also an intermediate approach, which introduces a non
trivial coupling between matter and geometry; examples are provided by [38] or [39].
In our work, we follow the first path, i.e. we take the geometric sector of the theory as in
the standard GR, while we assume the stress-energy tensor being produced by some exotic fluid.
However, contrary to what is typically done, we don’t assume the source being point-like (as is
done, for example, by Bardeen and Hayward and in non-linear electrodynamics): we consider
as source an extended distribution, with a finite classical radius. It is worth to note that our
approach differs also from that of [12] and [13]: indeed they modify the stress-energy tensor, due
to some quantum mechanism, in order to produce an effective mass distribution, which smears
the delta of the Schwarzschild distribution; however, the classical limit is again a point-like mass
generating the Schwarzschild black hole. We will show that our arrangement is crucial, in order
to avoid singularities.
Finally, despite some similarities, our work is not related to [40], since it considers a gravita-
tional source (which may also be a black hole) made of two different contributions and works out
to separate their effects. Here we always deal with a single source, although we study both the
isotropic and the anisotropic case. We also mention that Babichev et al. produced some papers
concerning black holes in presence of exotic fluids (namely [41], [42], [42]), but their objectives
and results are different from ours.
The paper is organized as follows: in Sec. 2 we give the general settings of the solution,
while in Sec. 3 we study its properties in the most interesting regimes; in Sec. 4 we discuss the
Buchdahl limit, showing that only suitable assumptions on the matter are capable to produce a
black hole and to avoid the divergence of the central pressure; finally, in Sec. 5-7 we introduce
and discuss an example solution and in Sec. 8 we have some concluding remark. Throughout
the paper, unless otherwise specified, we use c = ~ = G = 1.
2 Basic assumptions
We consider a spherically symmetric and static symmetry (SSSS), described by the metric
ds2 = −f(r)dt2 + 1
g(r)
dr2 + r2dΩ2 , (1)
where f and g are suitable functions and dΩ2 is the volume element of a 2-sphere of unit
radius. We also assume that this metric is generated by some fluid, whose stress-energy tensor
is written in the form
T µν = ρu
µuν + (P − P⊥)δ1νδµ1 + P⊥ (δµν + uµ uν) , (2)
where uµ is the four-velocity of the fluid, ρ its density, P the radial pressure and P⊥ the
transversal pressure. Concerning the density, we ask its positivity, ρ ≥ 0; its monotonicity,
ρ′ ≤ 0; and its finiteness, ρ <∞.
In the system where the fluid is at rest, uµ = (
√
f, 0, 0, 0) and the stress-energy tensor reads
T µν = diag(ρ, P, P⊥, P⊥). This simplifies the EE, whose independent components become
d
dr
(r(1 − g)) = 8pir2ρ , (3)
g
fr
f ′ +
g − 1
r2
= 8piP . (4)
2
Moreover, we have to fulfill the conservation equation for the fluid ∇µT µr = 0, i.e.
P ′ +
P + ρ
2
f ′
f
+
2 (P − P⊥)
r
= 0 . (5)
In order to further simplify the discussion, write f = eαg, where α is some arbitrary function.
If so, eq. (3)-(5) read respectively
g(r) = 1− c
r
− 8pi
r
∫
r2ρ , (6)
8piP =
gα′
r
− 8piρ , (7)
P ′ +
P + ρ
2
(
α′ +
g′
g
)
+
2 (P − P⊥)
r
= 0 . (8)
where c is an integration constant.
3 Study of the solution
There are two main possibilities, in order to solve system (6)-(8): either we impose P = P⊥, that
is a symmetry condition on the generating fluid, or we fix α = 0 (or any other constant as well),
that is a condition on the resulting metric. The first choice, first performed by Schwarzschild in
his original paper [1], is a very popular one, performed also by more recent works, such as [40]
(as starting point) and [44]. Here we study separately the two cases, both in the classical regime,
where we can distinguish an inner and an outer part, and in some deformation regime.
3.1 Case 1: α 6= 0 and P = P⊥
Under these assumptions, eq. (6)-(8) become
g(r) = 1− c
r
− 8pi
r
∫
r2ρ , (9)
α′ = 8pi
r(P + ρ)
1− cr − 8pir
∫
r2ρ
, (10)
P ′ +
4pi
1− cr − 8pir
∫
r2ρ
(
P 2r +
(
c
8pir2
+ ρr +
1
r2
∫
r2ρ
)
P +
c
8pir2
ρ+
ρ
r2
∫
r2ρ
)
= 0 . (11)
Once the density is given, eq. (9) is solved autonomously, while eq. (10) and (11) form a
closed system. However eq. (11) cannot be solved analytically, unless trivial cases.
In order to fix ideas, study the classical limit of a finite star of radius R, where ρ = ρ0θ(R−r).
If so, the three equations gain the simpler form
g(r) = 1− 8pi
3
ρ0r
2 , (12)
α′ =
r(P + ρ)
1 + c3 − 8pi3 ρ0r2
, (13)
3
P ′ +
4pi
1− cr − 8pi3 ρ0r2
(
P 2r +
(
c
8pir2
+ ρr +
1
3
ρ0r
)
P +
c
8pir2
ρ+
ρ
3
ρ0r
)
= 0 , (14)
in the interior of the star; for its exterior, we have just
g(r) = 1 +
c
r
− 2M
r
, (15)
α′ = 0 , (16)
P = 0 . (17)
For the first equation, M is the whole mass of the star: M = 4pi
∫
r2ρ, where the integral is
performed on the whole mass distribution (which is finite).
Eq. (12) and eq. (15) impose to set c = 0. Eq. (12) represents the inner solution of a star
and it contains only a de Sitter core; so
gint(R) = 1− 8pi
3
ρ0R
2 . (18)
On the other hand, calculating the solution on R from outside, we have
gext(R) = 1 +
c
r
− 2M
R
= 1 +
c
r
− 8pi
3
ρ0R
2 , (19)
and since the metric solution must be continuous, this imposes c = 0 also outside. Moreover,
as an extra proof, the external solution must be exactly Schwarzschild: and since eq. (15)
already contains what is physically interpreted as the whole mass, M , c would be an extra term
and should be set to 0.
Nothing changes, using a more general density profile, since the c/r term is the solution of
the homogeneous equation G00 = 0. Within our framework, the density profile modifies only the
rhs of the equation and the general solution is of the form
g(r) = 1 +
c
r
+ g1(r) , (20)
where g1 only depends on the choice of the density. This cannot be chosen so that c/r cancels,
since c is not a free but arbitrary parameter, but an integration constant. However, every solution
should reduce to the classical one and since the only deviation from classicality lays in g1, we
have that g1 → 8pi3 ρ0r2 for r < R in the classical regime and the solution reduces to (12): but
no c/r must appear inside the star, so the term vanishes and all the arguments used to set c = 0
in the classical regime hold also for any other density.
This discussion solves the question arosed by P. Nicolini, A. Smailagic and E. Spallucci in
their note [45]. In our previous paper [46], we argued that the Schwarzschild term c/r cannot
be eliminated using the reconstruction approach (a very popoular one, carried e.g. by [10] or
[28]). Indeed, the presence of an integration constant c is a mathematical fact that cannot be
avoided; what can be done is to find a physical reason to set it to 0. Here we showed a powerful
argument, but in general things do not behave so well.
ρ = constant is one of the trivial cases in which the pressure can be found explicitly: indeed
we solve eq. (14) via separation of variables; we get
4
P (r) = ρ0
√
1− 8pi3 ρ0r2 −
√
1− 8pi3 ρ0R2
3
√
1− 8pi3 ρ0R2 −
√
1− 8pi3 ρ0r2
. (21)
Coupling this with eq. (13) we find also α(r):
α(r) = 2 ln

3
√
1− 8pi3 ρ0R2 −
√
1− 8pi3 ρ0r2
2
√
1− 8pi3 ρ0r2

 , (22)
so that the g00 component of the internal solution is
f(r) =
1
4
(
3
√
1− 8pi
3
ρ0R2 −
√
1− 8pi
3
ρ0r2
)2
, (23)
while the external part is just the Schwarzschild term. Unfortunately, these simple results
hold only in the case of ρ = ρ0: indeed, it is easy to prove that otherwise eq. (26) has no more
separable variables. However, fortunately, this approach is not the best to produce RBH from
some kind of gravitating matter.
3.2 Case 2: α = 0
In this case, eq. (6)-(8) reduce to
g(r) = 1− c
r
− 8pi
r
∫
r2ρ , (24)
P = −ρ , (25)
P ′ +
2 (P − P⊥)
r
= 0 , (26)
where c is again an integration constant. We see that c = 0 with the same arguments of Case
1, so we won’t show it again.
Once the density ρ is known, the only thing we are left with is calculating P⊥:
P⊥ = −
(
ρ+
1
2
ρ′r
)
. (27)
The sign of P⊥ is not a priori determined, since ρ and ρ′ have opposite signs.
Finally, notice that condition α = 0 coincides with P = −ρ; this is more interesting, since
P = −ρ is a condition over the generating matter (and so it is a priori), instead of the condition
on the solution α = 0 (which is a posteriori).
To fix ideas, work once again in the simple case of a finite star with radius R and constant
density ρ(r) = ρ0θ(R− r). For r > R equations easily read
g(r) = 1− 2M
r
, (28)
P = 0 , (29)
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P⊥ = 0 , (30)
where M ≡ 4pi ∫ r2ρ is the total mass of the star. On the other hand, for r < R, we have
g(r) = 1− 8pi
3
ρ0r
2 , (31)
P = −ρ0 , (32)
P⊥ = P . (33)
Outside the black hole there is no difference among different models. Notice also that ρ =
constant implies P = P⊥ = constant, which forbids the pressure to vanish at the border of the
star (P (R) = 0). One can object that ρ = constant is just a toy model and with a more realistic
matter distribution, such as
ρ(r) = ρ0
(
1− r
2
R2
)
θ(R − r) , (34)
then P (R) = 0. On the other hand, this particular model is not quite good to be deformed,
since it can produce negative densities. A more realistic model is given by
ρ(r) = ρ0
1 + e−R/ξ
1 + e(r−R)/ξ
. (35)
In this model, the Heaviside function has been already deformed in the style of a Fermi-Dirac
distribution, where parameter ξ plays the role of some fundamental length. Later on, we will
show that a density similar to (35) is actually able to produce a RBH.
4 Buchdahl limit
In this section, we show that the maximally symmetric P = P⊥ case is not able to solve the so
called Buchdahl limit [47], i.e. the divergence of the central pressure; moreover, when we set R
lower than the Schwarzschild radius, the central pressure acquires an imaginary part.
4.1 Buchdahl limit "from above"
We firstly see what happens for P = P⊥. Since eq. (11) cannot easily be solved exactly, we take
an approximate solution: around the origin, we write the density as
ρ(r → 0) = ρ0 − κrn + ... , (36)
where ρ0 is the central density, κ > 0 is some parameter and n > 0. Eq. (36) directly
descends from our requests about the density. Thus said, eq. (11) reads
2P ′
r
+ 8pi
P 2 +
(
4
3ρ0 − n+4n+3κrn
)
P + (ρ0 − κrn)
(
1
3ρ0 − κn+3rn
)
1− 8pi3 ρ0r2 + 8pin+3κrn+2
= 0 . (37)
The only way to hope in an analytical solution is to further approximate this object taking
the lowest orders in r. The resulting equation is
6
2P ′
P 2 + 43ρ0P +
1
3ρ
2
0
+
8pir
1− 8pi3 ρ0r2
[
1− 1
n+ 3
[
(n+ 4)P + n+63 ρ0
P 2 + 43ρ0P +
1
3ρ
2
0
+
8pir2
1− 8pi3 ρ0r2
]
κrn
]
= 0 . (38)
But since we are working in the limit r → 0, the pressure appearing in the square parentheses
is just the central pressure P0: any other correction is suppressed at the lowest order. This allows
us to integrate both sides of eq. (38) in order to get the solution:
P (r → 0) = ρ0
e8piκρ0Ar
n+2
√
1− 8pi3 ρ0r2 −
√
1− 8pi3 ρ0R2
3
√
1− 8pi3 ρ0R2 − e8piκρ0Arn+2
√
1− 8pi3 ρ0r2
, (39)
where A is the constant
A ≡ (n+ 4)P0 +
n+6
3 ρ0
3(n+ 2)(n+ 3)
((
P0 +
4
3ρ0
)
P0 +
1
3ρ
2
0
) . (40)
Eq. (39) allows to calculate the central pressure for a generic density profile; and surprisingly
we have
P (r = 0) = ρ0
1−
√
1− 8pi3 ρ0R2
3
√
1− 8pi3 ρ0R2 − 1
, (41)
which is exactly the same of the classical case, taking eq. (21) for r = 0. It may sound
strange, but it is just a natural consequence of the request ρ(r → 0) = ρ0 − κrn + ..., where the
dominant term is the constant density of the classical limit. This means that, under the symmetry
assumption P = P⊥ there is no way to avoid the Buchdahl limit and pressure becomes infinite
at R = 98RS , independently on the density profile of the star.
Notice that we implicitly assumed that 8piκρ0rn+2A in the limit P0 → ∞ remains finite.
However it is not difficult to see that, in this limit,
A(P0 →∞) = n+ 4
3(n+ 2)(n+ 3)P0
→ 0 . (42)
Things look quite different, working with α = 0. In this case we have P = −ρ and P⊥ =
P + 12P
′r: so, a suitable choice of the density profile prevents any risk of divergence and fully
avoids the Buchdahl limit.
4.2 Buchdahl limit "from below"
Before moving to the next section, see what happens when R < 98RS . In the case of α = 0, there
is no risk, since the central pressure is fully determined (only) by the choice of the density. On
the other hand, for the symmetry assumption P = P⊥ things are different. In order to see it,
rewrite eq. (41) in terms of RS : we have
P0 =
3RS
R3
1−
√
1− RSR
3
√
1− RSR − 1
. (43)
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This shows that the inner "Buchdahl zone" is divided in two regions: the first, with RS <
R < 98RS , where the central pressure becomes negative; and the second, for R < RS , where it
acquires an imaginary part.
In the first region, the central pressure varies from − 3RSR3 at RS to −∞ at the Buchdahl point
(R = 98RS). In the second, the central pressure reads
P0(R < RS) = − ρ0
2
(
9RS
8R − 1
)
(
1− 3RS
4R
± i
2
∣∣∣∣∣
√
1− RS
R
∣∣∣∣∣
)
. (44)
Thus the imaginary part cannot be set to 0. But since the pressure must always be real, this
means that the maximally symmetric fluid cannot build a star, whose radius is lower than the
Schwarzschild radius − i.e. a black hole. Moreover, since a star typically starts collapse when
R≫ RS , we expect that also the Buchdahl radius is never reached by the collapsing matter.
5 A model of RBH satisfying the WEC
We excluded the maximal symmetry assumption (P = P⊥) as a source of generating black holes,
so focus on the matter assumption (P = −ρ). Then we have to deal with eq. (24)-(26). We
choose the density profile so that it reduces to the classical density ρ(r) = ρ0θ(R−r) and prevents
any divergence. A good choice could be (35), but a smarter one is
ρ(r) = ρ0
1 + e−λR
3
1 + eλ(r3−R3)
, (45)
where parameter λ plays the role of quantum-like deformation; in the limit λ → ∞, density
(45) reduces to the classical one, as required; the use of cubic powers in the exponentials is chosen
just for calculative convenience.
With this choice, the metric becomes
g(r) = 1− 8pi
r
ρ0
(
1 + e−λR
3
) ∫ r2
1 + eλ(r3−R3)
dr
= 1− 8piρ0
3r
(
1 + e−λR
3
)(
r3 − 1
λ
ln
(
1 + eλ(r
3
−R3)
1 + e−λR3
))
,
(46)
which reduces to the classical solution (Schwarzschild outside + de Sitter inside) when λ→∞:
g(r > R;λ→∞) = 1− 2M
r
+ o(λ−1) , (47)
g(r < R;λ→∞) = 1− 8piρ0
3
r2 + o(λ−1) . (48)
5.1 General properties of the horizon
The first question in front of eq. (46) is whether it represents or not a black hole. Unfortunately
we are not able to find the horizon(s) explicitly, because the required equation g(rH) = 0 is too
difficult to be solved analytically. However we are still able to prove that, for suitable values of
the central density ρ0, horizons exist.
In order to show it, calculate the stationary points of the metric: equation g′(rmin) = 0 reads
8
1λ
ln
(
1 + eλ(r
3
min
−R3)
1 + e−λR3
)
= r3min
eλ(r
3
min
−R3) − 2
1 + eλ(r
3
min
−R3)
. (49)
Of course there is no hope to solve it, but we can use it into eq. (46) to find that
g(rmin) = 1− 8piρ0
(
1 + e−λR
3
) r2min
1 + eλ(r
3
min
−R3)
, (50)
and since
(
1 + e−λR
3
)
r2
min
1+eλ(r
3
min
−R3) is always positive and the position of the minimum does
not depend on ρ0, we only need to tune ρ0 in order to have g(rmin) < 0. We cannot proceed
analytically, but we are at least sure that the minimum may be negative, so that there should
be an horizon at some point.
After seeing that an horizon exists, we note that there is a minimal value for it: indeed,
the lhs of eq. (49) is strictly positive, so the rhs must be positive too; and this means that
rmin >
(
R3 + 1λ ln 2
)1/3
. However, since the external horizon is more advanced than any negative
minimum of g(r), it follows that
rH > rmin >
(
R3 +
1
λ
ln 2
)1/3
. (51)
In the limit of R → 0, classically corresponding to a point-like source, this reduces to rH >(
1
λ ln 2
)1/3
, which correctly reduces to the classical limit rH > 0 when λ → ∞. This result is
a strong clue of the quantum nature of λ: the impression is that (ln 2/λ)1/3 is some kind of
fundamental length and smaller lengths are not allowed.
6 Energy conditions
We anticipated that black hole metric (46) fulfils the WEC; here is the time to prove it. In order
to have a complete discussion, we also see what happens in the case of the Null Energy Condition
(NEC), the Dominant Energy Condition (DEC) and the Strong Energy Condition (SEC).
The NEC only consists in the positivity of the scalar T νµkνk
µ, where kµ is a general null
vector. Using our stress-energy tensor within the P = −ρ and SSSS framework, we have
T νµkνk
µ = −(ρ+ P⊥)(k0k0 + k1k1)
=
1
r2
(ρ+ P⊥)
(
k22 +
k23
sin2 θ
)
≥ 0 ,
(52)
meaning that ρ+ P⊥ ≥ 0, i.e.
ρ−
(
ρ+
1
2
ρ′r
)
= −1
2
ρ′r ≥ 0 . (53)
and this is easily verified, since ρ′ ≤ 0 was one of our original requests on the density.
Discuss now the WEC. Always referring to our stress-energy tensor (2) and considering the
timelike vector Xµ, it reads
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T νµXνX
µ = −(ρ+ P⊥)(X0X0 +X1X1)− P⊥ |XµXµ|
=
1
r2
(ρ+ P⊥)
(
X22 +
X23
sin2 θ
)
+ ρ |XµXµ|
≥ 0 ,
(54)
consisting in the two conditions
ρ ≥ 0 , (55)
ρ+
(
−ρ− 1
2
ρ′r
)
≥ 0 . (56)
The first one is easily satisfied, since is just one of our requests on the density. The second
one holds from the discussion of the NEC.
For the DEC we should prove, together with the WEC, that the vector −T µβ Y β is causal
future-directed, where Y β is any causal and future-directed vector. We already showed that the
WEC holds, so we only need to check if
− T 0βY β ≥ 0 , (57)
gµν(−T µβ Y β)(−T ναY α) = ρ2Y0Y 0 + P 2Y1Y 1 + P⊥(Y2Y 2 + Y3Y 3)
= −
(
1
r2
(ρ2 − P 2
⊥
)
(
(Y2)
2 +
(Y3)
2
sin2 θ
)
+ ρ2
∣∣YβY β∣∣
)
≤ 0 .
(58)
The first equation easily reads ρY 0 ≥ 0 and since ρ and Y 0 are both positive, it is immediately
satisfied. Regarding the second, it is not difficult to see that this corresponds to the condition
ρ2 − P 2
⊥
≥ 0, i.e., since we know the relation between ρ and P⊥,
ρ ≥ −1
4
ρ′r . (59)
In general it is not possible to establish if this holds or not, since it depends on how ρ′r is
faster than ρ. We can however discuss it in the case of our density (45): we get
1 +
(
1− 3
4
λr3
)
eλ(r
3
−R3) ≥ 0 , (60)
and it is not difficult to see that, for r →∞, this is badly violated. So, contrary to the NEC
and the WEC, the DEC is violated.
The only thing we are left with is seeing whether the SEC is satisfied or not. In other words,
we need to see if
(
T νµ − 12δνµ
)
XνX
µ ≥ 0, where T is the trace of the stress-energy tensor and Xµ
any causal vector. We have
(
T νµ −
1
2
δνµ
)
XνX
µ = −(ρ+ P⊥)(X0X0 +X1X1)− 1
2
(ρ− P ) |XµXµ|
= (ρ+ P⊥)
(
(X2)
2 +
(X3)
2
sin2 θ
)
+ P⊥ |XµXµ|
≥ 0 .
(61)
10
This imposes the two conditions ρ+ P⊥ ≥ 0 and P⊥ ≥ 0, which respectively read
− 1
2
ρ′r ≥ 0 (62)
ρ+
1
2
ρ′r ≤ 0 (63)
The first one is satisfied due to the NEC. On the other hand, we cannot discuss the second
immediately, since ρ and ρ′ have opposite signs and may have very different forms. However, if
we want to verify that the SEC is violated, it is enough to show it is for some region of space. In
order to do this, focus around the origin: in this limit, the density reads ρ(r → 0) = ρ0−κrn+ ...
with κ > 0, so that cond. (63) reads
κ ≥ 2ρ0
(n+ 2)rn
. (64)
But this should hold for any r around the origin and it’s clear it cannot be: the SEC is
violated.
7 Limit R→ 0
As a last point, we see what happens in the limit R→ 0. We already introduced this limit when
speaking about the minimal value of the horizon, now it is time to investigate it better.
First of all, back to eq. (46), the limit can be performed exactly and we get
g(r;R→ 0) = 1− 16piρ0
3r
(
r3 − 1
λ
ln
(
1 + eλr
3
2
))
, (65)
which still represents a RBH: indeed, in the asymptotic regimes, we have
g(r→∞;R→ 0) = 1− 2M0
r
+ o(r−2) , (66)
g(r → 0;R→ 0) = 1− 8piρ0
3
r2 − 2piρ0
3
λr5 + o(r8) , (67)
where M0 ≡ 43pi
(
(ln 2/λ)1/3
)3
(2ρ0). Notice that eq. (67) shows that the limits λ → ∞ and
r → 0 cannot be inverted. This means that, in order to recover the classical limit, we should use
eq. (65), which gives
g(r;R→ 0;λ→∞) = 1− 2M0
r
+ o(λ−2) . (68)
Since M0 is proportional to 1/λ, in the true classical limit it vanishes: i.e. metric (65) does
not reduce to Schwarzschild, but already to Minkowski. Actually, this is not surprising, since the
classical limit, in the regime of R → 0, is a mass distribution of null radius and finite constant
density:
ρ(r;R = 0;λ→∞) =
{
ρ0, r = 0
0, r 6= 0 . (69)
Finally, eq. (65) still represents a black hole: for both r → 0,∞ g(r) is positive, while its
minimum may still be negative; indeed, using the condition g′(rmin) = 0, we have
11
g(rmin;R = 0) = 1− 16piρ0r
2
min
1 + eλr
3
min
, (70)
which is either positive or negative, depending on the value of ρ0.
8 Conclusion
In the present work we discussed how to build a RBH without working within the framework
of GR, only using some exotic fluid instead of standard matter or vacuum. We showed that
the standard maximal symmetry assumption P = P⊥ is not able to produce not only a RBH,
but also a singular one (at least in the SSSS framework): indeed there is no way to avoid or to
circumnavigate the Buchdahl limit, independently on the specific choice of the density profile.
On the other hand, the choice P = −ρ seems able to cure all these problems. We found that
in this case, under an appropriate choice of the density profile, there is no Buchdahl limit to deal
with and the classical radius R of the star can be set small at will. In particular, it is interesting
to note that P = −ρ is the equation of state for dark energy, so that our model describes a dark
energy black hole. It is questionable if such an object is realistic today, but it’s credible that
such black holes formed at the early stage of the universe, when dark energy was dominant.
It is worth to mention that such a black hole is really regular: indeed we still have to deal
with the Schwarzschild term c/r, but, as we showed, there is a physical argument to set c = 0,
thus avoiding the central singularity. Since this is a general result, valid for any R, it holds also
in the limit R→ 0.
A final observation is that we worked in a static framework, but in more points we introduced,
though qualitatively, dynamical aspects (e.g. when we discussed the collapsing of the originating
star to a black hole). Indeed, the static framework seems to be just an approximation of the full
picture, which is expected to be time-dependent. On this light, our solution (46) is expected to
be only the static limit of some more complicated metric.
The investigation of the time-dependent solution, which is expected to be a more difficult
effort, is also motivated by another point: as we said, it is possible that, during the early stage of
the universe, a dark energy black hole could form. Since we proved that there is a residual black
hole also when physical matter is no more present (see Sec. 7), we expect that the asymptotic
behaviour of the time-dependent solution leaves a residual black hole (with R = 0), which still
continues to possess a mass: and these objects may be a candidate for present day dark matter.
However, actually we don’t have the whole dynamical analysis, so this is just a guess.
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